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A procedure for finding a subharmonic functional of a solution for the problem
n  . i iLu s  y1 c D u s 0 in the domain E, which is either in a plane or on a line,is0 i
is presented. The functional obtained is used to derive the maximum principles and
uniqueness theorems for some higher order elliptic problems. The procedure
proposed is also applicable to nonlinear differential equations. Q 1997 Academic
Press
INTRODUCTION
Finding a subharmonic functional of solutions of higher order elliptic
equations is nontrivial. A thorough review of literature reveals that the
highest order of elliptic problems investigated is six.
 .2 2 w xThe subharmonic functional Du q cu was adopted by Dunninger 1
to study the maximum principle for the solution of the fourth-order elliptic
equation D2 u q cu s 0. The same approach was employed by Goyal and
w xSchaefer 3]5 to obtain the maximum principles and uniqueness theorems
for fourth- or sixth-order elliptic equations. In this study, a procedure for
finding a subharmonic functional of the solution for some higher order
elliptic equations with constant coefficients is presented. The maximum
principle and the uniqueness theorems for these differential equations
derived from this subharmonic functional are illustrated.
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1. PRELIMINARY
 w x.The following two statements are well known see, e.g., 2 :
 .  .  .A For every smooth subset V in domain E, if H ­r­n f x dx G­ V
 .0, then f x is subharmonic in E.
 .  .  . q .B If u is a solution of Du G f x in E, then u x F sup u x q­ E
<  . <c sup f x , where the constant c depends only on E and the LaplaceE
q .   . 4operator, also u x s max u x , 0 .
These facts are employed to complete our analysis on the problem
n
i i 2Lu s y1 c D u s 0 in E ; R , c G 0, c ) 0, . i i n
is0
a < <usu , Dus0, and D us0, a s3, 4, . . . , n , on ­ E,0
­ a1 ­ a2¡
2u , a s a , a , for E ; R , .1 2a a1 2­ x ­ x1 2a ~where D u s
ad
u , for E ; R , if n G 3,¢ adx
u , Du s 0, on ­ E, if n s 2;0u s 1.0 . u , on ­ E, if n s 1.0
The analysis is begun by defining some functionals and showing their
relationships.
DEFINITION 1.1. Let ¨ be a function which is smooth enough so that
 2 2 .  2 2 .the following equations hold: We define D¨ s ­ r­ x ¨ q ­ r­ x ¨ ,1 2
m mP ¨ , V s y1 ¨ D ¨ dy , where m s 0, 1, . . . , 1.1 .  .  .Hm
V
­m my1R ¨ , V s y1 ¨ D ¨ dS , where m s 1, 2, . . . , .  .  .Hmy 1 y­n­ V
1.2 .
0, if m s 2,¡
2¨
, if m s 3,~ 2A ¨ s 1.3 .  .m
2 ­
2 A ¨ y A D¨ , if m G 4, . my 1 my2¢  /­ xiis1
A SUBHARMONIC FUNCTIONAL 129
¡ 2¨ , if m s 3,
22 ­
¨ , if m s 4,  /~ ­ xB ¨ s 1.4 .  .iis1m
2 ­
2 B ¨ y B D¨ , if m G 5, . my 1 my2¢  /­ xiis1
0, if m s 1,¡
2¨
, if m s 2,
2~H ¨ s 1.5 .  .2m ­m my2y1 ¨ D ¨ q 2 H ¨ .  my 1  /­ xiis1¢ yH D¨ , if m G 3. .my 2
 .  .  .  .PROPOSITION 1.2. Functionals A ¨ , B ¨ , P ¨ , V , R ¨ , V , andm m m m
 .H ¨ satisfym
1¡ B ¨ , if m s 3, .m2~B ¨ , if m s 4,A ¨ s 1.6 . .  .mm ¢B ¨ q A D¨ , if m G 5, .  .m my2
m mP ¨ , V s y1 ¨ D ¨ dy .  .Hm
V
2 ­ ¨
s R ¨ , V q 2 P , V y P D¨ , V , .  .my 1 my1 my2 /­ xiis1
where m s 2, 3, . . . , 1.7 .
­
P ¨ , V s B ¨ dy y H ¨ dS , .  .  .H Hm mq3 mq1 y­nV ­ V
where m s 0, 1, . . . . 1.8 .
 .  .  .Proof. The definitions of A ¨ and B ¨ lead to Eq. 1.6 . Bym m
Green's second identity and divergence theorem,
m mP ¨ , V s y1 ¨ D ¨ dy .  .Hm
V
­ Dmy 1¨m nmy1s y1 D¨ D ¨ dy q y1 ¨ dS .  .H H y­nV ­ V
­ ¨m my1y y1 D ¨ dS .H y­n­ V
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2­ ­ ¨m my1s y1 ¨ D ¨ dS q 2 P , V .  . H y my1  /­n ­ x­ V iis1
y P D¨ , V .my 2
2 ­ ¨
s R ¨ , V q 2 P , V y P D¨ , V , .  .my 1 my1 my2 /­ xiis1
where m s 2, 3, . . . .
 .  .  .  .  .On the basis of Eqs. 1.1 , 1.2 , 1.5 , and 1.7 and the induction, Eq. 1.8
holds.
2. SUBHARMONIC FUNCTIONALS
To find a subharmonic functional for a differential equation, we begin
 .with the quadratic functional B ¨ and discover its nature.m
PROPOSITION 2.1. We define
¡ ¨ , if m s 0, .
m myi i m~ ­ ­ ­ ­V ¨ s .m ¨ , . . . , ¨ , . . . , ¨ , if m s 1, 2, . . . .m mmyi i¢ /­ x ­ x­ x ­ x1 21 2
T m .  .  .Let V ¨ be the transpose of V ¨ and let B s b be an m = mm m m i j
 .  .symmetric matrix associated with B ¨ . Note that B ¨ smq2 mq2
t .  .V ¨ B V T , m s 1, 2, . . . . Thenmy 1 m my1
 .1 B can be expressed as a function of B and B , m s 2, 3, . . . .mq 1 m my1
 .  m . X  X m .2 Let K s a and K s a be two m = m matrices, m sm i j m i j
2, 3, . . . , where am s bm if i is odd, am s 0 if i is e¨en, aX m s 0 if i is odd,i j i j i j i j
and aX m s bm if i is e¨en. Also, if one of the following equalities is true, theni j i j
ak s aX k s 0, where k is a positi¨ e integer: i F 0, j F 0, i ) k, and j ) k.i j i j
We ha¨e
X .a B s K q K , m s 2, 3, . . . .m m m
 . mq1 m X m my1 my1 my1b a s 2 a q 2 a y a y a y a yi j i j iy1 jy1 i j iy2 jy2 i jy2
amy 1 , m s 3, 4, . . . .iy2 j
 . X mq1 X m m X my1 X my1 X my1c a s 2 a q 2 a y a y a y a yi j i j iy1 jy1 i j iy2 jy2 i jy2
aX my1 , m s 3, 4, . . . .iy2 j
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 .Proof. These can be proved by assumption, Eq. 1.4 , and induction
on m.
 .1 For m G 6,
2 ­ ¨
B ¨ s 2 B y B D¨ .  .m my1 my2 /­ xiis1
2 ­ ¨ ­ ¨
T Ts V 2 B V y V D¨ B V D¨ . .  . my 4 my3 my4 my5 my4 my5 /  /­ x ­ xi iis1
 .Therefore, B ¨ can be expressed asm
0
. T2 B .B ¨ s V ¨ V ¨ .  .  .my 3m my3 my3. 00 ??? 0
0 ??? 0
. T. 2 Bq V ¨ V ¨ .  .my 3my3 my3. 00
0 0
.B .my 4 T.y V ¨ V ¨ .  .my 3 my3
0 ??? 0 0 0
0 ??? 0 0
0 0 ??? 0
0 0 ??? 0
Ty V ¨ V ¨. . .  .my 3 my3. . Bmy 4. . 0
0 0
0 0
. .. . Bmy 4 T. .y V ¨ V ¨ .  .my 3 my3
0 0 ??? 0 0
0 0 ??? 0
0 ??? 0 0
0 ??? 0 0
Ty V ¨ V ¨ .. . .  .my 3 my3B . .my 4 . . 0
0 0
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Thus, B can be expressed as a function of B and B asmq 1 m my1
0 0 ??? 0
. .2 B . . 2 BB s qm mmq1 . . 0  00 ??? 0 0
0 0 0 0 ??? 0
. 0 0 ??? 0B .my 1 .y y . .. . Bmy 10 ??? 0 0 . . 0  0
0 ??? 0 0 0 0
0 0 0 ??? 0 0
. . 0 ??? 0 0. . Bmy 1. .y y .. .B . .my 10 0 ??? 0 . . 0  0
0 0 ??? 0 0 0
 .  .  .2 The relations expressed in a ] c are retrievable on the basis of
the assumption and the proof of part 1.
Remark. From Proposition 2.1, part 2, K can be expressed by K X ,mq 1 m
K , and K . Similarly, K X can be expressed by K , K X , and K X .m my1 mq1 m m my1
 n .DEFINITION 2.2. Let M be a set of n = n symmetric matrices a ,n i j
where
0, if i or j is even,¡
n ~1, if i s j s 1,a si j
n n¢a a , if 1 F i , j F n and i , j are both odd.1 i 1 j
X  X n .Let M be a set of n = n symmetric matrices a satisfies the followingn i j
conditions:
 .1 If n is odd, then
0, if either i or j is odd,¡
nX n ~a , if i s j s 2,a si j
X nn¢b a , if 1 F i , j F n and i , j are both even,i 2 j
where an and b n are constants and b n s 1, an ) 0. Note that b n s 0, ifi 2 k
k is odd, n and k are positive integers.
 .  X n .  n .  n .2 If n is even, then a s a and a is in M .i j nyiq1 nyjq1 i j n
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 k .  X k .DEFINITION 2.3. Let a and a be k = k matrices where k isi j i j
 .either n or n y 1. Then they are said to have property E if n is even and
the following relations hold:
 . < n < < ny1 < n w n  ny1 ny1 .x2E1 a G a and a s a y a q a .1 i 1 i i i 1 nyiq2 1 nyiq2 1 nyi
 . n X n  . iy1.r2 n  . iy1.r2 ny1E2 a s a , y1 a G 0, y1 a G 0,i j nyiq1 nyjq1 1 i 1 i
 . iy2.r2 X ny1and y1 a G 0.2 i
 . < n < < n < < X ny1 < < X ny1 <E3 If i G j and i q j s n, then a G a and a s a .1 i 1 j 2 i 2 j
 . < n < n <E4 If either 1 F j F i F nr2 or nr2 F i F j F n, then a G a1 i 1 j
< X ny1 < < X ny1 <whenever both i and j are odd, and a G a whenever both i and j2 i 2 j
are even.
 . w < n < < n <x2  X ny1 X ny1 .2 ny1E5 a y a s a q a ra .1 nyiq1 1 iy1 i 2 iy2 2
 k .  X k .  .a and a are said to have property O if n is odd and thei j i j
following relations hold:
 . < n < < ny1 < X n w n ny1 ny1 x2O1 a G a and a s a y a y a .1 i 1 i i i 1 iq1 1 iq1 1 iy1
 . < n < < n < < X n < < X n <O2 If i q j s n q 1, then a s a and a s a .1 i 1 j 2 i 2 j
 .  . < X n < < X n <O3 If 1 F j F i F n q 1 r2, then a G a whenever both i2 i 2 j
< n < < n <and j are even, and a G a whenever both i and j are odd.1 i 1 j
 .  . iy2.r2 X n  . iy1.r2 nO4 If 1 F i F n, then y1 a G 0, y1 a G 0, and2 i 1 i
 . iy1.r2 ny1y1 a G 0.1 i
 . ny1 X ny1O5 a s a .i j nyi nyj
 X X .  . w  X .LEMMA 2.4. If J g M or J g M , then rank J s 1 or rank J sn n n n n n
x  X .1 and the eigen¨alues of J or J are nonnegati¨ e.n n
 .Proof. Since J is symmetric and rank J s 1, J has only one nonzeron n n
 .  .eigenvalue, denoted by l. l s tr J ) 0, where tr J is the trace of J .n n n
Similarly, we have the same result for J X .n
PROPOSITION 2.5. Suppose that n is e¨en and K g M , K X g M X ,m m m m
 .where m s n y 1, n. Based on the definition of property E , we ha¨e the
following relations:
 .iy2 r2n n ny1 ny1 ny1’< < < <a y a s y1 a b q b , 2.1 .  . .1 nyiq1 1 iy1 i iy2
 .iy1 r2n ny1 ny1 n ny1 ny1< < < < < <a y a q a s y1 a y a y a G 0, 2.2 .  .1 i 1 i 1 iy2 1 i 1 i 1 iy2
 .iy1 r2n n ny1 ny1< <a s y1 a y a y a , 2.3 .  . .1 nyiq2 1 i 1 i 1 iy2
 .iy1 r2nq1 n n< < < <a s y1 a q a , 2.4 .  .1 i 1 i 1 nyiq2
 .iy2 r2X nq1 n n n< < < < < <a s y1 a a q a .2 i 1 ny1 1 nyiq1 1 iy1
n n n< < < < < <q a a q a . 2.5 .1 ny1 1 iy1 1 nyiq1
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 .  .  .  .  .Proof. From Definition 2.2, E2 , E3 , E4 , and E5 , Eq. 2.1 holds.
 .  .  . n ny1E1 and E2 imply that Eq. 2.2 holds. Since a s a s 1, by1 1 1 1
 .  .Definition 2.2, E1 , and Eq. 2.2 ,
< n < < n <1r2a s a1 nyiq2 nyiq2 nyiq2
< n ny1 ny1 <s a y a y a1 i 1 i 1 iy2
< n < < ny1 < < ny1 <s a y a q a1 i 1 i 1 iy2
 .iy1 r2 n ny1 ny1s y1 a y a y a . .  .1 i 1 i 1 iy2
 .Thus, Eq. 2.3 is justified.
 .  .  .From Proposition 2.1 part 2 b , E2 , and Eq. 2.3 , we have
anq1 s 2 an y any1 y any11 i 1 i 1 i 1 iy2
n n ny1 ny1s a q a y a y a1 i 1 i 1 i 1 iy2
 .iy1 r2 n n< < < <s y1 a q a . . 1 i 1 nyiq2
 .Therefore, Eq. 2.4 holds.
 .  .  .  .By Proposition 2.1 part 2 c , E2 , Definition 2.2, Eq. 2.1 , E5 , and
 .E3 ,
aX nq1 s 2 aX n q 2 an y aX ny1 y aX ny12 i 2 i 1 iy1 2 i 2 iy2
s 2 an q 2 an y any1b ny1 y any1b ny1ny1 nyiq1 1 iy1 i iy2
 .  .  .nyi r2 ny2 r2 iy2 r2n n n< < < < < <s 2 y1 y1 a a q 2 a y1 .  .  .1 nyiq1 1 ny1 1 iy1
 .iy2 r2 n n n< < < < < <y y1 a y 1 a y a . 1 ny1 1 nyiq1 1 iy1
 .iy2 r2 n n n n n< < < < < < < < < <s y1 a a q a q a a . 1 ny1 1 nyiq1 1 iy1 1 ny1 1 iy1
n< <q a .1 nyiq1
 .Thus, Eq. 2.5 is true.
PROPOSITION 2.6. Suppose that n is odd and K g M , K X g M X ,m m m m
 .where m s n y 1, n. Based on the definition of property O , we ha¨e
2X n n ny1 ny1< < < < < <a s a y a q a ; 2.6 .i i 1 iq1 1 iq1 1 iy1
 .iy2 r2n n n ny1 ny1’ < < < < < <a b s y1 a y a q a , .i 1 iq1 1 iq1 1 iy1
n n n ny1 ny1’y a b s a y a y a ; 2.7 .i 1 iq1 1 iq1 1 iy1
 .iy1 r2nq1 n n n’< < < <a s y1 a q a b . 2.8 .  .1 i 1 i iy1
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 .  .Proof. Properties O1 and O4 imply that
2 .ir2 ir2 iy2 r2X n n ny1 ny1< < < < < <a s y1 a y y1 a y y1 a .  .  .i i 1 iq1 1 iq1 1 iy1
2n ny1 ny1< < < < < <s a y a q a .1 iq1 1 iq1 1 iy1
 .Therefore, Eq. 2.6 holds.
 . X n n n.2 w < n < < ny1 <By Eq. 2.6 , and Definition 2.2, a s a b s a y a qi i i 1 iq1 1 iq1
ny1 2 n n n ny1 ny1’< <x < < < < < < < < < <a . Therefore, a b s a y a q a .1 iy1 i 1 iq1 1 iq1 1 iy1
 .  .  .Applying O1 and O4 , we arrive at Eq. 2.7 .
 .  .  .By Proposition 2.1 part 2 b , Eq. 2.7 , and O4 , we have
nq1 n ny1 ny1 n n n’a s 2 a y a y a s a y a b1 i 1 i 1 i 1 iy2 1 i iy1
 .iy1 r2 n n n’< < < <s y1 a q a b . . 1 i iy1
 .Thus, Eq. 2.8 is true.
From Propositions 2.5 and 2.6, Lemmas 2.7 and 2.8 can be recovered.
LEMMA 2.7. Suppose that n is odd. If K g M and K X g M X , wherem m m m
 . X  .m s n y 1, n, ha¨e property O , then both K and K ha¨e property Em m
for m s n, n q 1.
 .Proof. According to the given assumption and Eq. 2.8 , we get
nq1 n n n n’< < < < < < < <a s a q a b G a .1 i 1 i iy1 1 i
nq1 w nq1  n n .x2If i is even, then a s 0 s a y a q a . If i isi i 1 nyiq3 1 nyiq3 1 nyiq1
 .  .  .odd, then by Proposition 2.1, part 2 b , 2.7 , and O4 ,
2nq1 n na y a y a1 nyiq3 1 nyiq3 1 nyiq1
2n ny1 ny1 ns a y a y a y a1 nyiq3 1 nyiq3 1 nyiq1 1 nyiq1
2n n n’s a b q any iq2 1 nyiq1
2n n n’ < < < <s a b q a .ny iq2 1 nyiq1
 .  .  .On the basis of Proposition 2.1, part 2 b , Definition 2.2, Eq. 2.7 , O2 ,
 .and O4 , we have
2 X nnq1 n ny1 ny1 ny1 ny1a s 2 a q 2 a y a y a y a y a .i i 1 i iy1 iy1 i i iy2 iy2 i iy2 iy2 i
22 2n n n ny1 ny1s 2 a q 2 a b y a q a1 i iy1 1 i 1 iy2
22 2n n n ny1 n n n ny1’s 2 a q 2 a b y a q a b q a y a1 i iy1 1 i iy1 1 i 1 i
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2n n n’s a y a b1 i iy1
2 .  .iy1 r2 iy1 r2n n n’< < < <s y1 a q y1 a b .  .1 i iy1
2n n n’< < < <s a q a b .1 nyiq1 nyiq2
 .Therefore, E1 is justified.
 .  .The proofs for E2 ] E5 are given in Appendix A.
LEMMA 2.8. Suppose that n is e¨en. If K g M and K X g M X , wherem m m m
 . X  .m s n y 1, n, ha¨e property E , then both K and K ha¨e property Om m
for m s n, n q 1.
 . < nq1 < < n < < n < < n <Proof. Equation 2.4 implies that a s a q a G a .1 i 1 i 1 nyiq2 1 i
 .  .  .  .By Proposition 2.1, part 2 b , E1 , E2 , Eq. 2.2 , and Definition 2.2,
2nq1 n na y a y a1 iq1 1 iq1 1 iy1
2n ny1 ny1 ns a y a y a y a1 iq1 1 iq1 1 iy1 1 iy1
2 .ir2 iy2 r2n ny1 ny1 ns y1 a y a y a q y1 a .  . .1 iq1 1 iq1 1 iy1 1 iy1
2n n< <s a q a’ ny iq1 nyiq1 1 iy1
2n n< < < <s a q a .1 nyiq1 1 iy1
 .  .Proposition 2.1 part 2 c , Definition 2.2, and E5 , imply that
aX nq1 s 2 aX n q 2 an y aX ny1 y aX ny1 y aX ny1 y aX ny1i i i i iy1 iy1 i i iy2 iy2 iy2 i i iy2
22n n ny1 ny1 ny1s 2 a q 2 a y a b q b .  .  .1 nyiq1 1 iy1 i iy2
22 2n n n n< < < <s 2 a q 2 a y a y a .  .1 nyiq1 1 iy1 1 nyiq1 1 iy1
2n n< < < <s a q a1 nyiq1 1 iy1
2nq1 n ns a y a y a . .1 iq1 1 iq1 1 iy1
 .Thus O1 is justified.
 .  .The proofs for O2 ] O5 are given in Appendix B.
THEOREM 2.9. Suppose that K g M , K X g M X , where m s n y 1, n.m m m m
 . X  .1 If n is odd and both K and K satisfy property O , thenm m
K g M and K X g M X .nq1 nq1 nq1 nq1
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 . X  .2 If n is e¨en and both K and K satisfy property E , thenm m
K X g M X and K g M .nq1 nq1 nq1 nq1
 .  . nq1Proof. 1 According to Proposition 2.1 part 2 b , a s 0 if either ii j
or j is even and anq1 s 1. Suppose that both i and j are odd. Then from1 1
 .  .Proposition 2.1 part 2 b and Eq. 2.7 , we have
anq1 s 2 an q 2 aX n y any1 y any1 y any1 y any1i j i j iy1 jy1 i j i jy2 iy2 j iy2 jy2
s 2 an an q 2 anb n b n y any1 q any1 any1 q any1 .  .1 i 1 j iy1 jy1 1 i 1 iy2 1 j 1 jy2
s 2 an an q 2 an y any1 y any1 an y any1 y any1 .  .1 i 1 j 1 i 1 i 1 iy2 1 j 1 j 1 jy2
y any1 q any1 any1 q any1 .  .1 i 1 iy2 1 j 1 jy2
s 4an an y 2 an any1 q any1 y 2 an any1 q any1 . .1 i 1 j 1 i 1 j 1 jy2 1 j 1 i 1 i
q any1 q any1 any1 q any1 .  .1 i 1 iy2 1 j 1 jy2
s 2 an y any1 q any1 2 an y any1 q any1 .  .1 i 1 i 1 iy2 1 j 1 j 1 jy2
s anq1anq1.1 i 1 j
Therefore, K g M . However, from the assumption and Lemma 2.7,nq1 nq1
anq1 s aX nq1 . Thus, K g M implies that K X g M X .i j nyiq2 nyjq2 nq1 nq1 nq1 nq1
 .  .  . X nq12 According to Proposition 2.1 part 2 c and E2 , a s 0 ifi j
X nq1  n .2 ny1 nq1either i or j is odd and a s 2 a q 2 y a . Define a s2 2 1 ny1
 n .2 ny1 X nq1 nq1 X nq12 a q 2 y a . From the fact that a s b a if and only1 ny1 i j i 2 j
X nq1 X nq1 nq1 X nq1  .if a a s a a and Eq. 2.5 , we havei 2 2 j i j
 .iy2 r2X nq1 X nq1 n n n n n< < < < < < < < < <a a s y1 a a q a q a a .2 i 2 j 1 nyiq1 1 ny1 1 iy1 1 ny1 1 iy1
n< <q a 51 nyiq1
=
 .jy2 r2 n n n< < < < < <y1 a a q a . 1 nyjq1 1 ny1 1 jy1
n n n< < < < < <q a a q a 51 ny1 1 jy1 1 nyjq1
2 .iyj r2 n n n< < < < < <s y1 a q 1 a q a . 1 ny1 1 nyjq1 1 jy1
= n n< < < <a q a .1 nyiq1 1 iy1
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 .  .  .  .Proposition 2.1 part 2 c , E2 , and Eqs. 2.1 and 2.2 imply that
anq1aX nq1 s anq1 2 aX n q 2 an y aX ny1 y aX ny1 y aX ny1 y aX ny1 /i j i j iy1 jy1 i j i jy2 iy2 j iy2 jy2
2n ny1 n n n ns 2 a q 2 y a 2 a a q 2 a a .1 ny1 1 nyiq1 1 nyjq1 1 iy1 1 jy1
n ny1 ny1 ny1 ny1ya b q b b q b .  .i iy2 j jy2
22n n< < < <s 2 a q 2 y a y 1 51 ny1 1 ny1
=
 .  .nyi r2 nyj r2 n n< < < <2 y1 y1 a a .  . 1 nyiq1 1 nyjq1
 .  .iy2 r2 jy2 r2 n n< < < <q2 y1 y1 a a .  . 1 iy1 1 jy1
 .  .iy2 r2 jy2 r2 n n< < < <y y1 y1 a y a .  . 1 nyiq1 1 iy1
= n n< < < <a y a 51 nyjq1 1 jy1
2 .iyj r2 n n n< < < < < <s y1 a q 1 a q a . 1 ny1 1 nyiq1 1 iy1
= n n< < < <a q a1 nyjq1 1 jy1
s aX nq1aX nq1.2 i 2 j
Therefore, K X g M X .nq1 nq1
 . nq1Proposition 2.1 part 2 b gives that a s 0 if either i or j is even andi j
anq1 s 1. Suppose that both i and j are odd. Then Proposition 2.1 part1 1
 .  .  .2 b , E2 , and Eq. 2.3 suggest that
anq1i j
s 2 an an q an an y any1 q any1 any1 q any1 .  .  .1 i 1 j 1 nyiq2 1 nyjq2 1 i 1 iy2 1 j 1 jy2
 .  .nyiq1 r2 nyjq1 r2n n n n< < < <s 2 a a q 2 y1 y1 a a .  .1 i 1 j 1 nyiq2 1 nyjq2
y any1 q any1 any1 q any1 .  .1 i 1 iy2 1 j 1 jy2
nr2 nr2n n n ny1 ny1s 2 a a q 2 y1 y1 a y a y a .  .  .1 i 1 j 1 i 1 i 1 iy2
= an y any1 y any1 y any1 q any1 any1 q any1 . .  .1 j 1 j 1 jy2 1 i 1 iy2 1 j 1 jy2
s 4an an y 2 an any1 q any1 y 2 an an q any1 . .1 i 1 j 1 i 1 j 1 jy2 1 j 1 i 1 iy2
q any1 q any1 an q any1 . .1 j 1 jy2 1 i 1 iy2
s 2 an y any1 y any1 2 an y any1 y any1 .  .1 i 1 i 1 iy2 1 j 1 j 1 jy2
s anq1anq1.1 i 1 j
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Therefore, K g M .nq1 nq1
 .THEOREM 2.10. The functional B ¨ is nonnegati¨ e for m s 3, 4, . . . .m
 .  .Proof. From the definition of B ¨ , it is obvious that B ¨ ism m
2 .  .nonnegative for m s 3, 4. Also, B ¨ s ¨ implies that B s 1 . By3 1
 .  . X  .Proposition 2.1 part 2 a , K s 1 and K s 0 . Therefore, K g M and1 1 1 1
K X g M X. Similarly, we have1 1
1 0 0 0X XK s g M , K s g M2 2 2 2 /  /0 0 0 1
and
1 0 y1 0 0 0
X XK s g M , K s g M .0 0 0 0 4 03 3 3 3 /  /y1 0 1 0 0 0
X X  . XK , K , K , and K satisfy property O . By Lemma 2.7, K , K , K , and2 3 2 3 3 4 3
X  . X XK have property E . By Theorem 2.9 part 1, K g M and K g M .4 4 4 4 4
Now, we use the principle of mathematical induction on m to show that
B u G 0, for m s 5, 6, . . . . .m
 .  .From Proposition 2.1 parts 2 b and c , it can be checked that B ismq 1
symmetric if both B and B are symmetric for m s 1, 2, 3, . . . . Bym my1
X .Proposition 2.1 part 2 a , if B is symmetric, then so are K and K .m m m
Consider the case that m is odd. Suppose that K g M , K X g M X , wherek k k k
k s m y 1, m. If both K and K X , where k s m y 1, m, satisfy thek k
 .property O , then by Lemma 2.7 and Theorem 2.9 part 1, they have
 . X Xproperty E , and K g M , K g M , where k s m, m q 1. For the casek k k k
m is even, we assume that K g M , K X g M X , where k s m y 1, m. Ifk k k k
X  .both K and K , where k s m y 1, m, satisfy the property E , then byk k
 .Lemma 2.8 and Theorem 2.9 part 2, they have property E , and K g M ,k k
K X g M X , where k s m, m q 1. Thus, K g M and K X g M X for m sk k m m m m
 .  X .1, 2, 3, . . . . According to Lemma 2.4, rank K s rank K s 1, and them m
eigenvalues corresponding to K and K X are nonnegative. This impliesm m
that both K and K X are nonnegative definite and, therefore, B ism m m
 .nonnegative definite. We have shown that B ¨ G 0, for m s 3, 4, . . . .m
n  . i iTHEOREM 2.11. Let u be a solution of Lu s  y1 c D u s 0 inis0 i
2  . n  .  . 2E ; R and F u s  c H Du q c r2 u , where c G 0 and c ) 0is1 i i 0 i n
 .for i s 0, 1, 2, . . . , n y 1. Then F u is a subharmonic functional.
Proof. Multiplying both sides of Lu s 0 by Du, integrating the resul-
 .tant expression under a smooth subset V and E, and using Eqs. 1.1 and
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 .1.7 , we have
n
i i0 s Du Lu s c y1 Du D u dy .H Hi
V Vis0
n
s yc P u , V y c P Du , V .  .0 1 i iy1
is1
2 22 ­ u c ­ u0s yc dy q dSH H0 y /­ x 2 ­nV ­ Viis1
n n ­
y c B Du dy q c H Du dS . .  . H Hi iq2 i i y­nV ­ Vis1 is1
This implies that
n 2­ c ­ u0
c H Du dS q dS . H Hi i y y­n 2 ­n­ V ­ Vis1
22 n­ u
s c dy q c B Du dy G 0. . H H0 i iq2 /­ xV Viis1 is1
 .By Theorem 2.10, B Du is nonnegative. We haveiq2
n­ c0 2c H Du q u dS G 0. .H i i y /­n 2­ V is1
 . n  .  . 2Therefore, F u s  c H Du q c r2 u is a subharmonic functionalis1 i i 0
 .for differential equation 1.0 .
Remark. We demonstrate that the proof of Theorem 2.11 can be used
w xto derive the subharmonic functional obtained by Schaefer 5 .
If n s 3 and Lu s D3u y a Du2 q b Du y cu s 0,
0 s D2 u Lu dyH
V
22 3 2 2 2s D u D u y a D u q b Du D u y c u D u dy .  .  .  .H
V
22 2s yP D u , V y a D u dy y bP Du , V y cP u , V .  .  .  .H1 1 2
V
­
2 2s y B D u q H D u dS .  .H H4 2 y­nV ­ V
22y a D u dy y b B Du dy .  .H H 4
V V
­ ­
q b H Du dS y c B u dy q c H u dS . .  .  .H H H2 y 5 3 y­n ­n­ V V ­ V
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 .  .By Eqs. 1.5 and 1.3 ,
H D2 u q bH Du q cH u .  .  .2 2 3
2s A D u q bA Du q c yu Du q A u .  .  .3 3 4
2 22D u Du .  . 2< <s q b y cu Du q c =u .
2 2
1
s F u .
2
 .is a subharmonic functional, where F u is the subharmonic functional
w xobtained by Schaefer 5 .
3. UNIQUENESS THEOREM
In this part, we derive the maximum principles and the uniqueness
theorem stated in Theorems 3.10]3.12.
DEFINITION 3.1. Let n be a positive integer. We define
h ¨ s H ¨ y A ¨ , 3.1 .  .  .  .n n nq1
i.e.
0, if n s 1, 2,¡
n ny2y1 ¨ D ¨ y h D¨ .  .ny2~h ¨ s 3.2 .  .2n ­ ¨
q2 h , if n G 3; ny1¢  /­ xmms1
0, if i F 0,¡
0, if i G 1 and n F i q 1,
iy1b ¨ , if i G 1 and n s i q 2, .i ~ nr ¨ s .n
2 ­ ¨
i i2 r y r D¨ , if i G 1 and n G i q 3; . ny1 ny2¢  /­ xmms1
3.3 .
TSENG AND LIN142
0, if i F y1,¡
h ¨ , if i s 0, .n
0, if i G 1 and n F i q 2,
i ~ n ny2 ib ¨ s 3.4 .  .n y1 ¨ D ¨ y b D¨ .  .ny2
2 ­ ¨
iq2 b , if i G 1 and n G i q 3. ny1¢  /­ xmms1
PROPOSITION 3.2. Definition 3.1 gi¨ es
b i ¨ s b iq1 ¨ q r iq1 ¨ , i s 0, 1, . . . , n s 1, 2, . . . . 3.5 .  .  .  .n n n
 . 0 . ny2 j .Furthermore, h ¨ s b ¨ s  r ¨ , for n s 1, 2, . . . .n n js1 n
i . iq1 .Proof. We use induction on n. From the definitions of b ¨ , b ¨n n
iq1 . i . i . iq1 .s 0 and r ¨ s b ¨ , if n F i q 3. Suppose that b ¨ s b ¨ qn n n n
iq1 .r ¨ for n F l. If n s l q 1, then n G i q 4 andn
2 ­ ¨lq1iq1 iq1 ly1 iq1 iq1b ¨ q r ¨ s y1 ¨ D ¨ q 2 b y b D¨ .  .  .  .lq1 lq1 l ly1 /­ xmms1
2 ­ ¨
iq1 iq1q 2 r y r D¨ . l ly1 /­ xmms1
2 ­ ¨lq1 ly1 i is y1 ¨ D ¨ q 2 b y b D¨ .  . l ly1 /­ xmms1
s b i ¨ . .lq1
 .  . 0 . ny2 j .Therefore, Eq. 3.5 holds and h ¨ s b ¨ s  r ¨ for n sn n js1 n
1, 2, . . . .
DEFINITION 3.3. Let i be a positive integer. We define the following
three functionals:
iy1¡
jA D ¨ , if 2 i q l - n , . ny2 j
js0
i ~T ¨ s 3.6 .  .n nyiy2
jA D ¨ , if i q 2 F n F 2 i; . ny2 j¢
js0
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nyiy2¡
jB D ¨ , if i q 2 F n F 2 i q 1, . nq1y2 j
js0
iy1
jB D ¨ . nq1y2 j
js0
 .ny3 r2
jq2 B D ¨ , if 2 i q 1 - n and n is odd, . nq1y2 j
jsi
i ~L ¨ s .n iy1
jB D ¨ . nq1y2 j
js0
 .ny4 r2
jq B D ¨ . nq1y2 j
jsi
 .ny2 r2
jq B D ¨ , if 2 i q 1 - n and n is even; . nq1y2 j¢ jsi
3.7 .
iy1yjnyiy2¡
l jr D ¨ , i q 2 F n F 2 i , .  ny1y2 j
js0 ls1
i ~P ¨ s 3.8 .  .n iy1yjiy2
l jr D ¨ , 2 i q 1 F n. .  ny1y2 j¢
js0 ls1
i  . i  . i  .PROPOSITION 3.4. Functionals T ¨ , L ¨ , and P ¨ satisfy thekq1 kq1 kq1
following recursi¨ e relations:
 . i  . 2 i . . i  .1 T ¨ s 2 T ­r­ x ¨ y T D¨ , for k G i q 3.kq1 ms1 k m ky1
 . i  . 2 i  . . i  .2 L ¨ s 2 L ­r­ x ¨ y L D¨ , for k G i q 3.kq1 ms1 k m ky1
 . i  . 2 i . . i  .3 P ¨ s 2 P ­r­ x ¨ y P D¨ , for k G i q 3.kq1 ms1 k m ky1
 .  .  .Proof. 1 On the basis of Eqs. 3.6 and 1.3 , we consider the following
three cases:
Case 1. i q 3 F k F 2 i.
2 ­ ¨
i i2 T y T D¨ . k ky1 /­ xmms1
2 kyiy2 kyiy3­ ¨
j jq1s 2 A D y A D ¨ .  ky2 j ky2 jy1 /­ xmms1 js0 js0
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kyiy3 2 ­ ¨
j jq1s 2 A D y A D ¨ .  ky2 j ky2 jy1 /­ xmjs0 ms1
2 ­ ¨
ky iy2q 2 A D 2 iykq4  /­ xmms1
kyiy3
j kyiy2 kyiy1s A D ¨ q A D ¨ q A D ¨ .  .  . ky2 jq1 2 iykq5 2 iykq3
js0
s T i ¨ . .kq1
Case 2. k s 2 i q 1.
2 ­ ¨
i i2 T y T D¨ . k ky1 /­ xmms1
2 iy1 iy2­ ¨
j jq1s 2 A D y A D ¨ .  ky2 j ky2 jy1 /­ xmms1 js0 js0
iy2 2 ­ ¨
j jq1s 2 A D y A D ¨ .  ky2 j ky2 jy1 /­ xmjs0 ms1
2 ­ ¨
iy1q 2 A D 3  /­ xmms1
iy2
j iy1s A D ¨ q A D ¨ .  . ky2 jqi 4
js0
s T i ¨ . .kq1
Case 3. k G 2 i q 2.
2 ­ ¨
i i2 T y T D¨ . k ky1 /­ xmms1
2 iy1 iy1­ ¨
j jq1s 2 A D y A D ¨ .  ky2 j ky2 jy1 /­ xmms1 js0 js0
iy1
j is A D ¨ s T ¨ . .  . ky2 jq1 kq1
js0
 .  .  .  .2 can be proved by employing Eqs. 3.7 and 1.4 Appendix C .
 .  .  .  .3 can be proved by employing Eqs. 3.8 and 3.3 Appendix C .
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i . i  . w i . i .xPROPOSITION 3.5. r ¨ s L ¨ y D P ¨ q T ¨ for n G i q 2.n n n n
 .  .Proof. We use induction on i. Eqs. 1.4 and 1.5 , and the induction
suggest that
n ny1 ny2ny2 ny3 ny3y1 ¨ D ¨ s yD y1 ¨ D ¨ y y1 D¨ D ¨ .  .  .
ny1 ny3q 2 y1 =¨ ? =D ¨ .
s yD H ¨ q B ¨ . .  .ny1 nq1
 .  .  .By Eqs. 3.1 , 3.3 , and 3.4 and Proposition 3.2, we have
iq2i iy1 ir ¨ s b ¨ s y1 ¨ D ¨ .  .  .iq2 iq2
iy1
js yD r ¨ q A ¨ q B ¨ . .  .  . iq1 iq2 iq3
js1
 .  .Equations 1.3 and 3.3 imply that
2 ­ ¨
i ir ¨ s 2 r . iq3 iq2  /­ xmms1
2 iy1 2­ ¨ ­ ¨ ­ ¨
js yD2 r q A q 2 B  iq1 iq2 iq3 /  /  /­ x ­ x ­ xm m mms1 js1 ms1
iy1 iy1
j js yD r ¨ q r D¨ q A ¨ q A D¨ .  .  .  . iq2 i iq3 iq1
js1 js1
q B ¨ q B D¨ . .  .iq4 iq2
 .  .  .Thus, for n F i q 3, Eqs. 3.6 , 3.7 , and 3.8 suggest that the hypothesis
i . w i . i .x i  .is true. Suppose that r ¨ s yD P ¨ q T ¨ q L ¨ , for n F k. Ifn n n n
 .n s k q 1 G i q 4, Eq. 3.3 and Proposition 3.4 imply that
2 ­ ¨
i i ir ¨ s 2 r y r D¨ .  .kq1 k ky1 /­ xmms1
2 ­ ¨ ­ ¨
i i i is yD 2T y T D¨ q 2 P y P D¨ .  . k ky1 k ky1 /  /­ x ­ xm mms1
2 ­ ¨
i iq 2 L y L D¨ . k ky1 /­ xmms1
i i is yD T ¨ q P ¨ q L ¨ . .  .  .kq1 kq1 kq1
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THEOREM 3.6. Let ¨ be a functional which is smooth enough on a domain
2E in R . Then for nonnegati¨ e integers j and i s 1, 2, . . . :
 . a j < <  j .1 If D D ¨ s 0 for a s n y 3 on ­ E, then A D ¨ s 0,n
 j . i j .B D ¨ s 0, for n s 3, 4, . . . , and T D ¨ s 0 on ­ E, for n G i q 2.n n
 . a j < < i j .2 If D D ¨ s 0 for a s 0, 1, . . . , n y 3 on ­ E, then r D ¨ s 0n
on ­ E, for n G i q 2.
 . a j < < i j .3 If D D ¨ s 0 for a s 0, 1, . . . , n y 4 on ­ E, then P D ¨ s 0n
on ­ E, for n G i q 2.
 . a j < < i  j .4 If D D ¨ s 0 for a s n y 2 on ­ E, then L D ¨ s 0 on ­ E,n
for n G i q 2.
Proof. We use induction on n.
 .  .1 It is true for n s 3, 4 by Eq. 1.3 . Assume that it is true for n F k. If
a j < <n s k q 1 G 5, the assumption D D ¨ s 0, ; a s k y 2 on ­ E implies
a 9 . j < < a 0 jthat D ­r­ x D ¨ s 0 ; a 9 s k y 3, i s 1, 2 on and D D D ¨ s 0,i
< <  . j .; a 0 s k y 4 on ­ E. Therefore, A ­r­ x D ¨ s 0, i s 1, 2, on ­ Ek i
 jq1 .  j . 2  . j .and A D ¨ s 0, on ­ E. A D ¨ s 2 A ­r­ x D ¨ yky1 kq1 is1 k i
 jq1 .A D ¨ s 0, on ­ E.ky1
 j . a j < <Similarly, B D ¨ s 0, for n s 3, 4, . . . . D D ¨ s 0, on ­ E, ; a s kn
a 9 k j < <y 3, implies that D D D ¨ s 0, on ­ E, ; a 9 s n y 2k y 3, and
 k j .  . i j .A D D ¨ s 0, on ­ E. By Eq. 3.6 , T D ¨ s 0 on ­ E.ny2 k n
 .  .  .  .2 Equations 3.3 , 3.4 , and 3.2 imply that
r1 D j¨ s yD j¨ D jq1¨ s 0, on ­ E, if D j¨ s 0, on ­ E .3
2¡ ­
1 j2 r D ¨ 3  /­ xiis1
2i j ~ ­ ­r D ¨ s .4 j jq1s y2 D ¨ D ¨ s 0, i s 1 on ­ E,
­ x ­ xi iis1
4¢ j jq2y1 D ¨ D ¨ s 0, i s 2 on ­ E, .
a j < <if D D ¨ s 0, a s 0, 1 on ­ E.
Assume that it is true for n F k. If n s k q 1 G 5, the assumption
a j < < a 9 j .D D ¨ s 0, ; a s 0, 1, . . . , k y 2 on ­ E implies that D ­ D ¨r­ x si
< < a 0 j < <0, ; a 9 s 0, 1, . . . , k y 3, i s 1, 2, and D D D ¨ s 0, ; a 0 s
i  . j .0, 1, 2, . . . , k y 4 on ­ E. It follows that r ­r­ x D ¨ s 0, i s 1, 2, andk i
i  jq1 . i  j . 2 i  . j .r D ¨ s 0, on ­ E. Hence, r D ¨ s 2 r ­r­ x D ¨ky1 kq1 is1 k i
i  jq1 .yr D ¨ s 0, on ­ E.ky1
Similarly, parts 3 and 4 hold.
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DEFINITION 3.7. We define
Q s l , j, k g N 3 : k G 1, n y 2 G j G 1, l F n , l y 2k G j q 2 4 .n
j l , j, 0 : l , j g N 2 , n y 3 G j G 1, n G l G j q 2 4 .  .
and
G ¨ s a r j Dk ¨ : a are nonnegative constants . .  .n l j k ly2 k l j k 5
 .l , j , k gQn
PROPOSITION 3.8. From Definition 3.7, we ha¨e
 .  . j  k . j  k .1 If l, j, k g Q and P D ¨ is defined, then P D ¨ gn ly2 k ly2 k
 .G ¨ .ny1
 .  .  . a < <2 If x ¨ g G ¨ and D ¨ s 0 for a s 0, 1, . . . , n y 3 on ­ E,n n
 .then x ¨ s 0 on ­ E.n
 . j .  .3 r ¨ g G ¨ , j q 2 F l, 1 F l F n, 1 F j F n y 3.l n
 .  .  .Proof. 1 If k G 1 and l, j, k g Q , then l y 1, t, h q k g Q ,n ny1
1 F t F j y 1 y h, 0 F h F l y 2k y j y 2, and t q 2 F l y 1 y 2 h q
. t  hqk .  .k . Therefore, r D ¨ g G ¨ , 1 F t F j y 1 y h, 0 F h Fly1y2hqk . ny1
 .  .l y 2k y j y 2, and t q 2 F l y 1 y 2 h q k . From Eq. 3.3 ,
t  hqk .  .r D ¨ s 0, t s 1, 2, . . . and l y 1 y 2 h q k F t q 1. By Eq.ly1y2hqk .
 .3.8 ,
P j Dk ¨ .ly2 k
ly2 kyjy2 jy1yh¡
t hqkr D ¨ , if j q 2 F l y 2k F 2 j, .  ly1y2hqk .
hs0 ts1~s jy2 jy1yh
t hqkr D ¨ , if 2 j q 1 F l y 2k , .  ly1y2hqk .¢
hs0 ts1
ly2 kyjy2 jy1yh¡
t hqkr D ¨ , .  ly1y2hqk .
hs0 ts1
 .ly1y2 hqk Gtq2
if j q 2 F l y 2k F 2 j,~s jy2 jy1yh
t hqkr D ¨ , .  ly1y2hqk .
hs0 ts1
 .ly1y2 hqk Gtq2¢ if 2 j q 1 F l y 2k .
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j  k .  .This implies that P D ¨ g G ¨ . The proof is similar for the casely2 k ny1
 .k s 0 and l, j, 0 g Q .n
 . a < <2 According to Proposition 3.6, part 2, D ¨ s 0, a s 0, 1, . . . , l y 3,
j  k .  .on ­ E. This implies that r D u s 0 on ­ E. 2 holds.ly2 k
 .3 This is trivial.
LEMMA 3.9. Let a ) 0 and a be nonnegati¨ e constants. If am my2 0 l j k
my 2 . j  k .functional a r ¨ q  a r D ¨ F M with bound-m my2 0 m  l, j, k .g Q l j k ly2 km 1a 2< <ary conditions D ¨ s 0 for a s 0, 1, . . . , m y 3 on ­ E, then ¨ F cM,2
where the constant c depends only on E, m, and a .l j k
Proof. We use induction on m. The conclusion is apparent for m s 3.
 .Suppose that it holds for m F n y 1. If m s n, Proposition 3.5, Eqs. 3.3 ,
 .  .3.4 , and 3.5 imply that
M G a r ny2 ¨ q a r j Dk ¨ .  .n ny2 0 n l j k ly2 k
 .l , j , k gQn
ny3 j ks yD a r ¨ q a P D ¨ .  .n ny2 0 ny1 l j k ly2 k
 .l , j , k gQn
qa P ny2 ¨ y r ny3 ¨ q a T j Dk ¨ .  .  . . n ny2 0 n ny1 l j k ly2 k
 .l , j , k gQn
ny2 j kqa T ¨ q a L D ¨ .  .n ny2 0 n l j k ly2 k
 .l , j , k gQn
q a Lny2 ¨ . .n ny2 0 n
 .  .According to Definition 3.3, Theorems 2.10 and 3.6, and Eqs. 1.3 , 1.5
 .and 1.6 , we have
cM G a r ny3 ¨ q a P j Dk ¨ .  .n ny2 0 ny1 l j k ly2 k
 .l , j , k gQn
q a P ny2 ¨ y r ny3 ¨ . .  . .n ny2 0 n ny1
w j  k .By Definition 3.3 and Proposition 3.8,  a P D ¨ q l, j, k .g Q l j k ly2 kn
 ny2 . ny3 ..x  .a P ¨ y r ¨ is an element of G ¨ . The conclusionn ny2 0 n ny1 ny1
holds for m s n, if it holds for m s n y 1. Thus, the lemma holds.
 .Let us consider problem 1.0 for n G 3.
2 n 2 ny2 .  .THEOREM 3.10. Let u g C E l C E be a solution of problem
 . < < < <1.0 . Then u F c sup u , where c depends on domain E and the opera-­ E
tor L.
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n  .  . 2Proof. Theorem 2.11 suggests that  c H Du q c r2 u is a sub-is1 i i 0
 .  .harmonic functional in E. Equations 3.1 and 3.2 , Proposition 3.2, and
Theorem 3.6 parts 1 and 2 imply that
n n c0 2c h Du F c h Du q A Du q u .  .  . i i i i iq1 2is1 is1
n iy2 c0j 2s c r Du q A Du q u .  . i i iq1 2is3 js1
c0 2F sup u .
2­ E
Let ¨ s Du. Then
n ny3 ny1 ly2
ny2 j jc h Du s c r ¨ q c r ¨ q c r ¨ . .  .  .  .   i i n n n n l l
is1 js1 ls3 js1
From Proposition 3.8 part 3,
ny3 ny1 iy2
i jc r ¨ q c r ¨ g G ¨ . .  .  .  n n i l n
is1 is1 ls1
1 12 2 . < < < <Lemma 3.9 leads to Du F c sup u . Therefore, u F c sup u ,­ E ­ E2 2
where the constant c depends on the domain E and the operator L.
2 n 2 ny2 .  .THEOREM 3.11. Let u g C E l C E be a solution of
n
i i 2Lu s y1 c D u q f u s 0, in E ; R , .  . i
is0
a < <Du s 0, D u s 0, a s 3, 4, . . . , n , on ­ E,
 .where c are nonnegati¨ e constants for i s 1, 2, . . . , n, f 9 t G 0, t g R, andi
 . < < w < < sup­E u  . xf 0 s 0. Then u F c sup u q H f t dt , where c depends on the­ E 0
domain E and the operator L.
Proof. Since
­ u2< <f u Du dx s y f 9 u =u dx q f u dS .  .  .H H H x­nV V ­ V
u­2< <s y f 9 u =u dx q f t dt dS , .  .H H H x­nV ­ V 0
where x s x , y . .
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n  .  . 2 u  .Theorem 2.11 implies that  c H Du q c r2 u q H f t dt is a sub-is1 i i 0 0
 . u  .harmonic functional in E. f 9 G 0 and f 0 s 0 imply that H f t dt G 0. It0
< < w < < sup­E u  . xfollows that Du F c sup u q H f t dt according to Lemma 3.9.­ E 0
< < w < < sup­E u  . xTherefore, u F c sup u q H f t dt .­ E 0
Remark. If the operators D and D are replaced by double prime and
 . ny3.  .  . . ny3.prime, and, we let B u s u and A u s n y 2 r2 u , then n
whole procedure still holds for the domain E ; R.
w xThe following theorem is a generalization of Theorem 4 in 5 .
2 n 2 ny2 .  .THEOREM 3.12. There is at most a solution in u g C E l C E
for the boundary ¨alue problem
n
i iLu s y1 c D u q g x , y w u s f x , y in E, .  .  .  . i
is0
­ iu
< <s ¨ , a s 0, 1, . . . , n y 1, on ­ E,ii­n
 . 1where g g C E , w is a C function for which gw9 G 0 in E, and c arei
nonnegati¨ e constants, for i s 1, 2, . . . , n.
Proof. Let u and ¨ be two solutions of the given boundary value
problem. Now, if w s u y ¨ ,
0 s w Lu y L¨ dx .H
E
n
i i 2s c y1 w Dw dx q gw9w dx . H Hi
E Eis0
n n ­
2s c B w dx q gw9w dx y c H w dS . .  . H H Hi iq3 i iq1 x­nE E ­ Eis0 is0
n  .Then  c H w is a subharmonic functional. Lemma 3.9 and Proposi-is0 i iq1
tion 3.2 imly that w s 0 in E.
Remark. The procedure suggested here is applicable only to the prob-
lems defined on the domain in one or two dimensions. To show this, let u
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be a solution of D3u y u s 0 on E ; R3. Using the proof in Theorem
2.11,
0 s Du D3u y u dy .H
V
2 22 ­ u 1 ­ u
s y dy q dSH H y /­ x 2 ­nV ­ Viis1
­
y B Du dy q H Du dS . .  .H H5 3 y­nV ­ V
1 2 .In order to get the subharmonic functional, H Du q u , we need to3 2
 .show that B Du G 0. However, if we let ¨ s Du, then5
3 ­ ¨
B ¨ s 2 B y B D¨ .  .5 4 3 /­ xiis1
2 22 2 2 23 3 ­ ¨ ­ ¨ ­ ¨ ­ ¨
s 2 y q q  2 2 2 / /­ x ­ x ­ x ­ x ­ xi j 1 2 3is1 js1
2 2 23 3 3­ ¨ ­ ¨ ­ ¨
y y 2  2 2 2 /­ x ­ x ­ xi i jis1 js1 is1
i/j
2 22 2 2­ ¨ ­ ¨ ­ ¨
q 4 q 4 q 4 /  /  /­ x ­ x ­ x ­ x ­ x x1 3 2 3 1 2
s UMU T ,
 .where U s u u u u u u and11 22 33 12 13 23
1 y1 y1 y1 0 0
y1 1 0 0 0 0
y1 0 1 0 0 0M s ;y1 0 0 4 0 0
0 0 0 0 4 0 0
0 0 0 0 0 4
2 3 2det M y lI s y 4 y l 1 y l l y 6l q 6l q 5 s f l . .  .  .  .  .
 .  .f l has a negative root. Thus, B ¨ G 0 is false.5
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APPENDIX A
 .  .Here we show that Lemma 2.7 has properties E2 ] E5 defined in
Definition 2.3.
 .  .Proof of Lemma 2.7 continued . Equation 2.8 implies that
 . iy1.r2 nq1  .  . iy2.r2 X ny1 a G 0. From O4 , we have y1 a G 0 and1 i 2 i
 . iy1.r2 n X nq1 nq1y1 a G 0. If either i or j is even, then a s 0 s a .1 i nyiq2 nyjq2 i j
 .  .If both i and j are odd, then Proposition 2.1 parts 2 b and c , Definition
 .  .  .2.2, O5 , O4 , and O2 suggest that
aX nq1 s 2 aX n q 2 an y aX ny1nyiq2 nyjq2 nyiq2 nyjq2 nyiq1 nyjq1 nyiq2 nyjq2
y aX ny1 y aX ny1 y aX ny1nyiq2 nyj nyi nyjq2 nyi nyj
s 2 anb n b n q 2 an annyiq2 nyjq2 1 nyiq1 1 nyjq1
y any1 y any1 y any1 y any1iy2 jy2 iy2 j i jy2 i j
 .  .nyi r2 nyj r2 nn n< 5 <s 2 a y1 y1 b b .  . iy1 jy1
 .  .nyi r2 nyj r2 n n ny1 ny1< 5 <q 2 y1 y1 a a y a y a .  . 1 i 1 j iy2 jy2 iy2 j
y any1 y any1i jy2 i j
 .  .iy3 r2 jy3 r2 nn n< 5 <s 2 a y1 y1 b b .  . iy1 jy1
 .  .iy1 r2 jy1 r2 n n ny1 ny1< 5 <q 2 y1 y1 a a y a y a .  . 1 i 1 j iy2 jy2 iy2 j
y any1 y any1i jy2 i j
s 2 aX n q 2 an y any1 y any1 y any1 y any1iy1 jy1 i j iy2 jy2 iy2 j i jy2 i j
s anq1.i j
 .Therefore, E2 is true.
 .  .  .If i q j s n q 1 and i G j, then Eq. 2.8 , O2 , and O3 lead to
nq1 n n n n n n’ ’< < < < < < < < < <a s a q a b s a q a b1 i 1 i iy1 1 j jq1
n n n nq1’ < < < < < <G a b q a s a ,jy1 1 j 1 j
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 . < X n < < X n <  .According to O2 , if i q j s n q 1, then a s a . E3 is true.2 i 2 j
 .  .  .If 1 F j F i F n q 1 r2, then Eq. 2.8 and O3 give
nq1 n n n n n n nq1’ ’< < < < < < < < < < < <a s a q a b G a q a b s a .1 i 1 i iy1 1 j jy1 1 j
 .  .  .  .If n q 1 r2 F i F j F n q 1, then Eq. 2.8 , O2 , and O3 suggest that
nq1 n n n n n n’ ’< < < < < < < < < <a s a q a b s a q a b1 i 1 i iy1 1 nyiq1 nyiq1
n n n n n n’ ’< < < < < < < <G a q a b s a q a b1 nyjq1 nyjq1 1 j j
< nq1 <s a .1 j
 .  . < X n < < X n <By O3 and O2 , a G a .2 i 2 j
 .  .  .Equation 2.8 , O2 , Definition 2.2, and O4 imply that
2nq1 nq1< < < <a y a1 nq2yi 1 iy1
2n n n n n n’ ’< < < < < < < <s a q a b y a y a b1 nyiq2 nyiq1 1 iy1 iy2
2X n X na q a .i 2 iy2 22n n n< < < <s a b y b s .i iy2 na
 .Hence, E5 is true.
APPENDIX B
 .  .Here we show that Lemma 2.8 has properties O2 ] O5 defined in
 .Definition 2.3. If i q j s n q 2, Eq. 2.4 implies that
< nq1 < < n < < n < < n < < n < < nq1 <a s a q a s a q a s a .1 i 1 i 1 nyiq2 1 nyjq2 1 j 1 j
 .Equation 2.5 gives
< X nq1 < < X nq1 <a s a2 j 2 nyiq2
< n < < n < < n < < n < < n < < n <s a a q a a q a q a1 iy1 1 ny1 1 ny1 1 nyiq1 1 nyiq1 1 iy1
< X nq1 <s a .2 i
 .Thus, O2 is true.
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 .  .  .If 1 F j F i F n q 2 r2, it follows from Eq. 2.5 and E4 that
< X nq1 < < n < < n < < n < < n < < n < < n <a s a a q a q a q a a2 i 1 nyiq1 1 ny1 1 iy1 1 nyiq1 1 ny1 1 iy1
< n < < n < < n < < n < < n < < n <G a a q a q a q a a1 nyjq1 1 ny1 1 jy1 1 nyjq1 1 ny1 1 jy1
< X nq1 <s a .2 j
 .  .  . < nq1 < < n < < n < < n <Also, by Eq. 2.4 , E4 , and E3 , a s a q a G a q1 i 1 i 1 nyiq2 1 j
< n < < nq1 <  .a s a . Therefore, O3 is true.1 nyjq2 1 j
 .  .  .Equations 2.4 and 2.5 and E2 imply that
 .iy1 r2 nq1 n n< < < <y1 a s a q a G 0, . 1 i 1 i 1 nyiq2
 .iy2 r2 X nq1 n n n< < < < < <y1 a s a a q a . 2 i 1 ny1 1 nyiq1 1 iy1
n n n< < < < < <q a a q a1 ny1 1 iy1 1 nyiq1
G 0
 . iy1.r2 n  .and y1 a G 0. Thus, O4 holds.1 i
 .  .E2 implies that O5 is true.
APPENDIX C
Here, we show that Proposition 3.4, parts 2 and 3 hold.
 .  .  .2 On the basis of Eqs. 3.7 and 1.4 , we consider three cases:
Case 1. i q 3 F k F 2 i.
2 ­ ¨
i i2 L y L D¨ . k ky1 /­ xmms1
2 kyiy2 kyiy3­ ¨
j jq1s 2 B D y B D ¨ .  ky2 jq1 ky2 j /­ xmms1 js0 js0
kyiy3 2 ­ ¨
j jq1s 2 B D y B D ¨ .  ky2 jq1 ky2 j /­ xmjs0 ms1
2 ­ ¨
ky iy2q 2 B D 2 iykq5  /­ xmms1
kyiy3
j kyiy2 kyiy1s B D ¨ q B D ¨ q B D ¨ .  .  . ky2 jq2 2 iykq6 2 iykq4
js0
s Li ¨ . .kq1
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Case 2. k s 2 i q 1.
2 ­ ¨
i i2 L y L D¨ . k ky1 /­ xmms1
2 iy1 iy2­ ¨
j jq1s 2 B D y B D ¨ .  ky2 jq1 ky2 j /­ xmms1 js0 js0
iy2 2 ­ ¨
j jq1s 2 B D y B D ¨ .  ky2 jq1 ky2 j /­ xmjs0 ms1
2 ­ ¨
iy1q 2 B D 4  /­ xmms1
iy2
j iy1 i is B D ¨ q B D ¨ q B D ¨ s L ¨ . .  .  .  . ky2 jq2 5 3 kq1
js0
Case 3. k G 2 i q 2. If k is even, then both k y 1 and k q 1 are odd.
We have
2 ­ ¨
i i2 L y L D¨ . k ky1 /­ xmms1
 .ky4 r22 iy1 ­ ¨ ­ ¨
j js 2 B D q B D  ky2 jq1 kq1y2 j /  /­ x ­ xm mms1 js0 jsi
 .ky2 r2 iy1­ ¨
j jq1q B D y B D ¨ . kq1y2 j ky2 j /­ xmjsi js0
 .ky4 r2
jq1y 2 B D ¨ . ky2 j
jsi
iy1 2 ­ ¨
j jq1s 2 B D y B D ¨ .  ky2 jq1 ky2 j /­ xmjs0 ms1
 .ky4 r2
j ky2.r2q 2 B D ¨ q 2 B D ¨ .  . ky2 jq2 4
jsi
 .ky2 r2iy1
j j is B D ¨ q 2 B D ¨ s L ¨ . .  .  . ky2 jq2 ky2 jq2 kq1
js0 jsi
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If k is odd, then k y 1 and k q 1 are even. We have
2 ­ ¨
i i2 L y L D¨ . k ky1 /­ xmms1
 .ky3 r22 iy1 ­ ¨ ­ ¨
j js 2 B D q B D  ky2 jq1 kq1y2 j /  /­ x ­ xm mms1 js0 jsi
 .ky3 r2 iy1­ ¨
j jq1q B D y B D ¨ . kq1y2 j ky2 j /­ xmjsi js0
 .  .ky5 r2 ky3 r2
jq1 jq1y B D ¨ y B D ¨ .  . ky2 j ky2 j
jsi jsi
 .ky3 r2iy1
j js B D ¨ q B D ¨ .  . ky2 jq2 ky2 jq2
js0 jsi
 .ky5 r2 2 ­ ¨
j ky3.r2q B D ¨ q 2 B D . ky2 jq2 4  /­ xmjsi ms1
 .ky3 r2iy1
j j ky1.r2s B D ¨ q B D ¨ q B D ¨ .  .  . ky2 jq2 ky2 jq2 3
js0 jsi
 .ky5 r2
j ky3.r2 iq B D ¨ q B D ¨ s L ¨ . .  .  . ky2 jq2 5 kq1
jsi
 .  .  .3 Employing Eqs. 3.8 and 3.3 to the following two cases:
Case 1. i q 3 F k F 2 i.
2 ­ ¨
i i2 P y P D¨ . k ky1 /­ xmms1
iyjy1kyiy3 2 ­ ¨
l j l jq1s 2 r D y r D ¨ .   ky2 jy1 ky2 jy2 /­ xmjs0 ls1 ms1
2 2 iykq1 ­ ¨
l kyiy2q 2 r D  2 iykq3  /­ xmms1 ls1
iyjy1kyiy3 2 iykq1
l j l kyiy2s r D ¨ q r D ¨ .  .  ky2 j 2 iykq4
js0 ls1 ls1
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2 iyk
l kyiy1q r D ¨ . 2 iykq2
ls1
s P i ¨ . .kq1
Case 2. k G 2 i q 1.
2 ­ ¨
i i2 P y P D¨ . k ky1 /­ xmms1
iyjy1iy2 2 ­ ¨
l j l jq1s 2 r D y r D ¨ .   ky2 jy1 ky2 jy2 /­ xmjs0 ls1 ms1
iyjy1iy2
l js r D ¨ .  ky2 j
js0 ls1
s P i ¨ . .kq1
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